It is shown that the infinite dimensional critical surface of general euclidean lattice actions in a generic fourdimensional scalar field theory with Φ 4 interactions has a domain of special multicritical points where higher dimensional operators play a special role. Renormalized trajectories of higher derivative continuum field theories with nontrivial interactions are traced back to special ultraviolet stable fixed points on the manifold of multicritical points. These fixed points have an infinite number of relevant directions which identify the universality classes of critical higher derivative field theories. The relevance of the new fixed point structure is discussed within the context of the triviality Higgs mass bound.
Introduction
It is generally accepted that the only fixed point on the infinite dimensional critical surface of a scalar lattice field theory with Φ 4 interaction in four dimensions is an infrared stable Gaussian one. In this scenario, the only renormalized trajectory in the codimension of the critical surface, which in Wilson's terminology [1] defines a massive continuum scalar field theory, originates from the Gaussian fixed point when traced back to the critical surface, thereby describing a noninteracting system. Since the Gaussian fixed point is infrared stable, the massless scalar theory on the critical surface is also trivial. This picture would suggest that the critical surface of the Φ 4 theory with internal O(N) symmetry is a manifold of simple critical points separating an ordered (ferromagnetic, or broken symmetry) phase from a disordered (symmetric) phase. A trivial renormalized trajectory runs into both phases from the Gaussian fixed point.
However, a scalar field theory with Φ 4 interactions and higher derivatives in the quadratic part of the Lagrangian creates a seemingly paradoxical situation. It is a continuum field theory in four dimensions with nontrivial in- * Plenary talk given at The XII International Symposium on Lattice Field Theory, September 27 -October 1, 1994, Bielefeld, Germany. UCSD/PTH 94-28 preprint, to appear in the conference proceedings.
teractions [2] . In fact, a higher derivative term 1 M 4 Φ 3 Φ, with a new mass scale M in the Lagrangian, renders the theory free of divergences. Since finite fluctuations cannot completely screen the Φ 4 coupling, renormalized interactions will not vanish in the continuum. These theories cannot be described by the trivial renormalized trajectories of the infrared stable Gaussian fixed point.
One might suggest that M now plays the role of the cut-off, therefore nothing has changed in the triviality scenario. This, however, cannot be a satisfactory resolution of the puzzle. It is legitimate to investigate the critical properties of higher derivative field theories when M is kept on the scale of the low energy spectrum and cannot directly play the role of the cutoff. This happens when M is kept fixed in inverse correlation length units of ordinary massive particles as the critical surface is approached (lim ξ→∞ M/ξ −1 = const) and M becomes part of the low energy spectrum. By pushing the ratio M/ξ −1 higher and higher, M could ultimately take over the role of a regulator under some special circumstances. However, one can always make the fluctuations divergent again by adding new interaction terms, and the puzzle will reappear.
An explanation of the paradox will be offered by showing that the critical surface of a generic scalar lattice theory is more complex than suggested by the triviality scenario.
There exists a domain of special multicritical points where higher dimensional operators play a special role. The connection with the triviality picture which dominates the largest part of the critical surface can be explained by a complex crossover mechanism. The concept of renormalization group flows will guide our discussions.
Renormalization Group and Triviality
We will apply Wilson's renormalization group analysis [1] to general effective Hamiltonians of scalar field theories with a physical cutoff at a very large energy scale Λ. The theory at energies above Λ could be a different field theory, or something completely new. The focus of our interest is the low energy description, far below the cutoff scale. Below the cutoff Λ, the most general effective Hamiltonian (euclidean action) in d dimensions is defined in terms of an infinite number of momentum dependent couplings u (n) ( q 1 , . . . , q n ),
The only constraints on the Hamiltonian come from the symmetries of the system. For example, only even terms are allowed in Eq. (1) under the Φ → −Φ Ising like symmetry. Although the implementation of the physical cutoff is quite arbitrary, we will assume a smooth momentum cutoff Λ in continuous euclidean space, or a lattice discretization at small distances where the lattice spacing a is related to the lattice momentum cutoff by Λ = π /a. A renormalization group transformation involves the lowering of the cutoff from Λ to Λ ρ and a rescaling of the field Φ, as required by the critical properties of the system. 
where L * is a linear operator. The solution of the linear renormalization group equations is given by
The eigenoperators O * i of L * , with eigenvalues λ i = e y i , are classified according to their scaling exponents y i ,
Far away from the critical point, the expan-
i is still applicable in terms of the complete set of eigenoperators O * i . However, the ρ-dependence of the scaling fields µ i (ρ) will be governed by nonlinear renormalization group equations, replacing the simple exponential evolution.
A Hamiltonian H at ρ = 0 is critical, if it converges to a fixed point with infinite correlation length, lim ρ→∞ H ρ = H * . The couplings of critical Hamiltonians define the critical surface. The type of the critical behavior depends on the number of symmetry conserving relevant operators. For a normal critical point one has one relevant symmetry conserving operator which determines the critical temperature in statistical physics, or the critical mass parameter in euclidean field theory. At a multicritical point one has several relevant symmetry conserving operators, and consequently, several conditions for criticality.
In order to explore the critical domain of the Gaussian fixed point, we start from a simple critical Hamiltonian,
which flows to the Gaussian fixed point u The triviality scenario assumes that no other fixed points exist on the critical surface suggesting a manifold of simple critical points separating the ordered phase from the disordered phase. Earlier analytic and numerical studies had been consistent with this picture [3] [4] [5] [6] [7] . We will show, however, that there exists a region of special multicritical points on the critical surface which describes a new class of nontrivial continuum euclidean field theories. This will be demonstrated by a block spin renormalization group analysis on a simple hypercubic lattice in d dimensions.
Fixed Points in the Multicritical Region
Consider first the quadratic lattice Hamiltonian
where a scalar field Φ( n) is associated with each lattice point n. mation is defined by [8] 
The parameter a in Eq. (6) should not be confused with the lattice spacing which is set to one, so that the dimensional quantities are all measured in lattice spacing units. After k blocking steps the partition function Z = Φ e −H (Φ) remains unchanged,
where
is calculated by integrating out the variables Φ( n) of the original lattice,
where a general quadratic form
is preserved. In Eq. 
. (10) In Eq. (10) 
in the infinite volume limit, with eigenvalues λ 2,k = 2 6−2k for the quadratic eigenoperators
A very similar picture is reproduced by using a differential renormalization group method in the continuum, if by analogy with the scale fac-
is chosen for the field Φ. The scaling exponents, given by y n,
One of the relevant quartic eigenoperators at n = 4 describes the λ Φ 4 (x)d 4 x interaction term in a general Hamiltonian, The newly found fixed points, as described by K * σ ( q), are generalized ultraviolet stable Gaussian fixed points in field theory terminology, with an infinite number of relevant directions. We will show now that the renormalized trajectories of higher derivative continuum field theories with nontrivial interactions are traced back to these special ultraviolet stable fixed points on the manifold of multicritical points.
Continuum Higher Derivative Theory
Consider the higher derivative Lagrangian
with internal O(N) symmetry, where a summation is understood over α = 1, 2, . . . , N. From a conventional viewpoint, the higher derivative term M −4 3 acts in the inverse euclidean propagator as a Pauli-Villars regulator with mass parameter M. It represents a minimal modification of the continuum model when its euclidean path integral is rendered finite in four dimensions [2] . The euclidean propagator is equivalent to the sum of three simple poles where a complex conjugate pair of ghost poles is added to original massive particle.
Since this model was discussed before [2] , only the connection with the new fixed point structure will be presented. First, the scalar field will be given a new scaling dimension in the euclidean functional integral by the transformation ϕ α = m −2 Φ α where m, identified as the inverse correlation length after renormalization, is measured in units of a large momentum cutoff Λ. With the notation z = m 4 /M 4 , the couplings of the euclidean Hamiltonian, when expressed in terms of rescaled fields ϕ α , can be written as u (2) 
3 and u (4) = λ 0 · m 8 . In the limit m → 0, when z is kept fixed, the critical surface is approached in the universality domain of the fixed point K * 3 ( q) which has three relevant quadratic operators in ϕ α . Therefore, a renormalized trajectory can be chosen which is traced back to
in the ultraviolet limit. It describes the continuum field theory of Eq. (14) with nontrivial interaction in the infrared region. The interaction term of Eq. (13) scales now as λ 0 m 8 (ϕ α ϕ α ) 2 along the renormalized trajectory.
The nontrivial running coupling constant can be demonstrated by conventional renormalization methods providing a more complete understanding of the critical behavior [9] .
Nontrivial Running Coupling Constant
The calculation of the scale dependent oneloop β-function in the broken phase will illustrate the nontrivial continuum limit of the theory. In addition to N-1 Goldstone excitations Φ α = π α , α = 1, 2, . . . , N − 1, there is also a massive Higgs excitation σ , Φ N = v + σ , where v designates the renormalized vacuum expectation value of Φ N . A massive complex conjugate ghost pair appears in all channels, as a consequence of the higher derivative term in Eq. (14). The following scale dependent prescriptions specify the renormalization conditions.
1. The renormalization prescription on the one-particle irreducible Goldstone 2-point function, d dp 2 Γ π π (p 2 )| p 2 =0 = 1, sets the correct normalization for the low energy Goldstone modes.
the renormalized ghost pole parameter M. The running coupling constant is plotted from the numerical integration of the one-loop renormalization group equations with input parameters as defined earlier.
A scale dependent renormalized Higgs mass m(µ) is defined by
the running coupling constant above the ghost scale is shown in Fig. 3 indicating that the system remains weakly coupled in the entire energy range and the one-loop calculation is reliable.
Fate of the Lattice Higgs Mass Bound
A hypercubic lattice structure was introduced [2, 10, 11] in non-perturbative computer simulations of the higher derivative Lagrangian of Eq. (14). The phase diagram is shown in Fig. 4 in the limit of infinite bare coupling. Tuning the hopping parameter κ to the critical line for fixed M corresponds to the triviality limit of the scalar field theory. In this limit, the dimension eight operator M −4 Φ α 3 Φ α becomes irrelevant and the dotted critical line with the exception of the end point at the origin represents a single universality class. The continuum limit of the higher derivative theory without the underlying lattice structure is equivalent to the tuning of κ towards the origin along a line of fixed z. A multicritical point is approached in this limit, as indicated by the solid line of Fig. 4 . The higher derivative term M −4 Φ α 3 Φ α becomes a relevant operator in this limit, and the theory is governed by the nontrivial fixed point.
Higgs mass values from lattice simulations are shown in Fig. 5 . In the 600 GeV to 700 GeV range, the solid line of the simple hypercubic lattice action does not include any higher dimensional operators [3] [4] [5] . The dashed line corresponds to an F4 lattice action with dimension six irrelevant operators [7] . A Symanzik improved simple cubic lattice action is also shown with dimension six irrelevant operators towards the restoration of euclidean invariance at finite correlation length [6] . In the much higher Higgs mass range, between 1.6 TeV and 1.8 TeV, a dimension eight term is added as a relevant operator to the euclidean Figure 5 . The Higgs mass bound of several lattice simulations is depicted. The arrows indicate one percent deviation from euclidean invariance in a scattering amplitude as defined in [4] . action on a simple cubic lattice, to describe a strongly interacting Higgs sector with higher derivative Lagrangian [2, 10, 11] . The ghost location in this case is placed in the multi TeV mass range, and the lattice spacing could be completely eliminated.
Large N calculations also indicate that at m H = 700 GeV the ratio M/m H is of the order of 30 at infinite bare coupling. With the complex ghost location in the 20 TeV mass range, the M dependence in scattering amplitudes becomes practically invisible, well within the intrinsic ambiguity of the perturbative expansion. This is in sharp contrast with earlier lattice models [3] [4] [5] [6] [7] where the violation of euclidean invariance was larger than the ambiguity of the perturbative expansion in the m H = 700 GeV mass range. We have to suggest, therefore, that the Higgs mass bound in the 700 GeV mass range in the earlier calculations was imposed by the artifacts of the underlying lattice structure.
Since the complex conjugate ghost pair of the higher derivative Lagrangian theory evades easy experimental detection without violating unitarity [9, 12] , or Lorentz invariance, it serves as a model of the strongly interacting Higgs sector without technicolor, a scenario which was excluded in previous lattice studies.
